RECONSTRUCTION ALGEBRAS OF TYPE D (I) 



MICHAEL WEMYSS 



Abstract. This is the second in a series of papers which give an cxpHcit description of 
the reconstruction algebra as a quiver with relations; these algebras arise naturally as 
geometric generalizations of preprojective algebras of extended Dynkin diagrams. This 
paper deals with dihedral groups G = Dn,q for which all special CM modules have rank 
one, and we show that all but four of the relations on such a reconstruction algebra 
are given simply as the relations arising from a reconstruction algebra of type A. As a 
corollary, the reconstruction algebra reduces the problem of explicitly understanding the 
minimal resolution (=G-Hilb) to the same level of difficulty as the toric case. 
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1. Introduction 

It was discovered in |Wem07| that noncommutative algebra holds the key to obtaining 
some form of a McKay Correspondence for finite subgroups of GL{2, C). More precisely if G 
is a finite small cyclic subgroup of GL(2, C) then the quiver of the endomorphism ring of the 
special CM C[a;,?/]'^ modules (a ring build downstairs on the singularity) determines and is 
determined by the dual graph of the minimal resolution X of the singularity C^/G, labelled 
with self-intersection numbers. Since the dual graph of such a group is always a Dynkin 
diagram of type A, we call the noncommutative ring in question the reconstruction algebra 
of type A. The above is a correspondence purely on the level of the underlying quivers; it 
was further discovered that if we add in the extra information of the relations then in fact 
one can recover the whole space X (not just the dual graph) as a certain GIT quotient, and 
also that the reconstruction algebra describes the derived category of X. 

Following the work of Bridgeland |Bri02| and Van den Bergh |VdB04j , these ideas were 
pursued further in [WemOSj where the above statement on the level of quivers was proved for 
all complex rational surface singularities. Two proofs of this fact were given, one non-explicit 
proof for the general case and one explicit proof which only covers the quotient case. It is 
perhaps important to emphasize two points. Firstly, although it was shown that the number 
of relations for the quiver can also be obtained from the intersection theory, the relations 
themselves were not exhibited. Secondly, the non-explicit proof tells us nothing about the 
special CM modules (for example what they are) and very little about their structure. 

The motivation behind the above work, and indeed this paper, is the following general 
principle: 
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Principle 1.1. For any finite subgroup of GL{2,C), given the dual graph of the minimal 
resolution ofC^/G (labelled with self intersection numbers) one can build a noncommutative 
algebra, the so called reconstruction algebra, which coincides with the endomorphism ring of 
the special CM modules. Using this ring we may extract the commutative minimal resolution 
both non- explicitly and explicitly, and also describe its derived category. 

Much of this has now been proved, but of course to build an algebra from the dual graph 
we need to produce both a quiver and relations; so far we only have the quiver. Thus the 
main purpose of this paper is to provide the relations in the case of certain dihedral groups 
^n,q inside GL(2, C). The companion paper |Wem09j deals with the remaining dihedral cases. 
Although this may be technical the relations are important; we shall sec that the geometry of 
the minimal resolution echoes the similarity in the relations between different reconstruction 
algebras. 

The basic philosophy is that the larger the fundamental cycle Zf the more the geometry 
resembles the SL(2,C) case, since the reconstruction algebra quiver and relations look and 
behave more like a preprojective algebra (see |Wem09[ Section 5] for more details on this 
case). As Zf gets smaller and thus closer to being reduced, the more toric the geometry 
becomes since the reconstruction algebra quiver and relations begin to look and behave more 
like a reconstruction algebra of type A. Via the work of Wunram it is Zj which dictates 
the rank of the special CM modules, and different ranks induce slightly different algebra 
structures because polynomials factor in different ways. 

The first step in this paper towards the goal of obtaining the relations is to fill in the gap 
in the classification of the specials CM modules left in |IW08| . Although the techniques in 
loc. cit could plausibly be used for dihedral groups, the AR quiver splits into cases and also 
the combinatorics are difficult; both factors make it hard to write down a general proof. The 
method used here is still quite combinatorially complex but it is at least possible to write down 
the proof. It also has the added philosophical benefit of not requiring any knowledge of the 
McKay quiver as instead we wrap the equations of the singularity around a noncommutative 
ring (as a quiver) and argue by a simple diagram chase that the modules corresponding to the 
vertices must be minimally 2-generated. Furthermore we explicitly obtain their generators. 
By [Wun88| this condition is both sufficient and necessary for a rank one CM module to be 
special. 

Having explicitly obtained the specials and their generators, we then use this information 
to label the arrows in the known quiver in terms of polynomials involving x's and y's; our 
relations are then simply that 'x and y commute'. From this we write down some obvious 
relations, and an easy argument using the known number of relations tells us that these are 
them all. Since there are choices for the generators of the special CM modules, in fact we 
obtain two different (but isomorphic) presentations of the endomorphism ring, corresponding 
to two different choices of such generators. 

Once we have the quiver with relations, we are able to describe the moduli spaces of 
representations using explicit techniques. This is now very easy: since here the fundamental 
cycle Zf is reduced the dimension vector we use consists entirely of I's. Now (almost all) 
the relations for the reconstruction algebras in this paper arc just the relations from the 
reconstruction algebra of type A, so the explicit extraction of the geometry comes almost 
entirely for free from the toric case. 

We now describe the contents and structure of this paper in more detail: in Section 2 we 
define the groups D„.g and recall some of the known properties of the singularities C^/D„^g. 
Furthermore we introduce and prove some combinatorics crucial to later arguments. In 
Section 3 we exhibit the special rank-1 CM modules for every group D„ ,j regardless of Zf\ 
when Zf is reduced these arc all the special CM modules. Section 4 restricts to the case when 
Zf is reduced and in such a case we define Dn^q, the associated reconstruction algebra of type 
D, and show that it is isomorphic to the endomorphism ring of the special CM modules. In 
Section 5 we use this noncommutative algebra to exhibit explicitly the minimal resolution 
(which is equal to D„.g-Hilb via a result of Ishii [Ish02| ) in co-ordinates; we see that every 
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open set is a smooth hypersurface in C"^, with equations given in terms of easy combinatorics. 
We also translate the co-ordinates of the open cover into ratios of the polynomial invariants 
downstairs. Section 6 provides some examples to illustrate the theory. 

Note that the discovery of the specials and a similar open cover for dihedral groups has 
been discovered independently by NoUa de Cells |NdC09a| . |NdC09b| by using the McKay 
quiver and combinatorics of G-Hilb. However the benefits of using the reconstruction algebra 
over the McKay quiver is that it reduces the problem to the same level of difficultly as the 
toric case; thus from the viewpoint of the reconstruction algebra the geometry in this paper 
is not toric, but it may as well be. 

Throughout, when working with quivers we shall write ab to mean a followed by b. 
We work over the ground field C but any algebraically closed field of characteristic zero will 
sufhcc. 

Various parts of this work were carried out when the author was a PhD student in 
Bristol, UK (funded by the EPSRC), when the author visited Nagoya University under the 
Cecil King Travel Scholarship from the London Mathematical Society, and also when the 
author was in receipt of a JSPS Postdoctoral Fellowship. The author would like to thank the 
EPSRC, the Cecil King Foundation, the LMS and the JSPS and also thank the University of 
Nagoya for kind hospitality. Thanks to Osamu lyama, Martin Herschend and Alvaro NoUa 
de Cells for extremely useful discussions. 

2. Dihedral groups and combinatorics 
In this paper we follow the notation of Riemenschneider |Rie77| . 
Definition 2.1. For 1 < q <n with {n,q) ~ 1 define the group D„.g to be 

^ ^ f {i^2q,T,(p2(n-q)) if U - q = 1 mod 2 

"'"^ \ (V'2g,T(^4(„_5)) ifn-q = 0mod2 

with the matrices 

where St is a primitive t*^ root of unity. 

The order of the group Dn,q is 4:{n—q)q. The procedure to obtain the invariants C[x, yY^"'i 
is also well-known: firstly develop 

= [02, . . . , Oe-l] 

n — q 

as a Jung-Hirzebruch continued fraction expansion. We fix this notation throughout the 
paper, noting the strange numbering. Now define series Cj, dj and tj for 2 < j < e by 

C4 = 1 Cj = Oj-iCj^i — Cj_2 for 5 < j < e 

di = — 1 dj = aj^idj^i — dj^2 for 5 < j < e 

t4 = 03(02 — 1) - 1 t-j = a-j-itj-i - tj-2 for 5 < j < e 

where the values to the right of the line exist only when e > 3, ie when n > q + \, i.e. when 
the group D„.<j does not lie inside SL{2, C). Also define the series rj for 2 < j < e by 

Tj = (n — q)tj — q{cj + dj) for 2 < j < e 

Note by definition that rj ~ aj^iVj^i — rj_2 for all 5 < j < e and note also that re — and 
re-i — 1. Now after setting 

Wi=xy t>2 = a;29 -I- (-l)"2y2g ^ ^2q ^ ^_^^a2-ly2q 

we have the following result: 

Theorem 2.2. |Rie77[ Satz 2] The polynomials wj'""''' and u'['v2*"3* f^^ 2 <t < e generate 
the ring C[x,y]^"--'^ . 
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The main ingredient in the proof is Nocther's bound on the degree of the generators in 
characteristic zero; once this is used the proof degenerates into combinatorics. In this paper 
we shall need the following easy variant of the above: define 

W2 = (x« + y«)(x« + (-l)'^^y«) 

Lemma 2.3. The polynomials wj^" and w\^W2*w^* for 2 < t < e generate the ring 

For E)n,q throughout this paper fix the notation 

n 

- = [ai, . . . , ttAfJ 

q 

as the Hirzebruch-Jung continued fraction expansion of ^. By Riemenschncider duality (see 
e.g. |Kid01[ 1.2] or |Wem07[ 2.1]) it is true that 

N 

e-2 = l + - 2). 

i=l 

Definition 2.4. Define v < N to he the largest integer such that ai ~ . . . = ~ 2, or if 

no such integer exists. 

Now by |Bri68[ 2.11] the dual graph of the minimal resolution of C^/D„_g is 



• • . . . • • 

where the a's come from the Jung-Hirzebruch continued fraction expansion of ^ above. 
Notice that the only possible fundamental cycles Zf for dihedral groups Dn,q are 

1 1 

or 

1 1 1 ■•■ 1 1 1 2 ••• 2 1 ••• 1 

where (since by definition ly < N) the number of 2's in the right hand picture is precisely i^. 
Thus ly records the number of 2's in Zf. 

Definition 2.5. jWun88| Denote R — C[x, j/]'^"-" . An CM R-module M is called special if 
(M (g) a;/j)/tors is CM, where lor is the canonical module of R. 

Wunram proved [WunSSi 1.2] that there is a 1-1 correspondence between the non-free 
indecomposable special CM modules and the exceptional curves in the minimal resolution, 
and further that the rank of the special corresponding to a curve Ei is equal to the co-cfficicnt 
of Ei in the fundamental cycle Zf. By the above discussion, this implies that for dihedral 
groups D„ (j there are precisely {N -\-2 — v) non-free rank 1 special CM modules and u rank 
2 special indecomposable CM modules. The rank 2 specials are known from |IW08[ 6.2]; in 
fact the classification of the specials for all finite subgroups of GL{2, C) is complete with the 
exception of these {N + 2 — non-free rank 1 special CM modules in the dihedral cases. 

To be more precise Wunram defined the specials using CM modules on the ring C[[x, y]]*^ 
where such modules arc of the form (p (E)c C[[a;, y]])'^. In this paper we shall mainly be 
working with the C[a;, y]'^- modules {p (>^c C[x,y])^, i.e. we work in the non-complete case. 
We are mainly interested in computing the endomorphism ring in the non-complete case, but 
later we shall reduce this problem to the complete case since the associated graded ring of 
Endc[[2:,y]]G(©p spociai(p®c C [[x, y]])*^) is Endc[x,y]G{®p special (p C[x,y])'^). 

To find these specials, and thus finish the classification, we need the combinatorial i 
series (as in Type A) together with some other combinatorial series; 
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Definition 2.6. For any integers 1 < mi < m2 with (toi,7t12) ~ 1 we can associate to the 
continued fraction expansion ^ ~ [/3i, . . . , Px] combinatorial series defined as follows: 

1. the i-series, defined as 

io = TO2 h = mi it = Pt-iit-i ~ it-2 for 2 < t < X + 1 

2. the j- series, defined as 

Jo = ji = l it = - jt-2 for2<t<X + l 

3. The l-series, defined as 

3 

Ij ^2 + J2iPp-2) forl<j <X 
p=i 

4- The b-series. Define bo := 1, bi^-i := X , and further for all 1 < t < Ix — 2 (if such t 
exists), define bt to be the smallest integer 1 < bt < X such that 

bt 

t<Y,{Pp-2). 

p=i 

Definition 2.7. Given a continued fraction expansion ^ — [Pi, . . . , Px] we call the contin- 
ued fraction expansion of ^^^^ the dual continued fraction, and denote it by [Pi, . . . ,PxY- 

In type A for the group ^{l,q) it was the i-series associated to the continued fraction 
expansion of 2. that characterized the special CM modules; for the group D„^g we shall see 
in Section 3 that the same is true, but with an extra subtlety involving v. 

Throughout this section we shall be using the above combinatorial series for many dif- 
ferent continued fraction inputs, thus to avoid confusion we now fix some notation. 

Notation 2.8. For D„,g, throughout this paper we shall denote the combinatorial data in 
Definition \2.6\ associated to the continued fraction expansion of — = [ai, . . . , ajv] exclusively 
by using the fonts and letters (i,j,l,b). For all other continued fraction inputs we shall denote 
the combinatorial data in Definition \2.6\ by using different fonts and letters. 

We record some easy combinatorics. 

Lemma 2.9. For any 'Dn,q with any v , 
(i) a2 = v + 2 
(u) q = iu+i + v{n -~ q) 
(in) r2 = 2{n - q) - iu+i 

(iv) ^3 = {n - (?) - iu+i =iu - '^.iu+i 

(v) r2 = 2r3 + ii,+i 

Proof, (i) This is immediate by Riemenschneider duality. 

(ii) Trivially this is true if ;^ = 0, so we can assume that f > Q. This being the case it is easy 
to see that 

(*) it = tq-{t- 1)71 for all 1 < t < + 1 

since ai = . . . ~ ^ 2. In particular i^^i = + l)q — un and so the result is trivial. 

(iii) This follows from (i) and (ii) since 

r2 = a2{n - q) - q{c2 + ^2) = {v + 2){n - q) - (i^+i + v{n - q)){0 + 1) = 2{n - q) - i„+i. 

(iv) Immediate from (iii) since 

Ts = (02 - 1)('^ - 9) - ^(ca + d^) = {02 - l){n - q) - q = r2 - {n ~ q). 

(v) Immediate from (iii) and (iv) above. □ 
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Lemma 2.10. Take some continued fraction expansion ^ = [Pi . . . , (3x] and denote the 
combinatorial data from Definition \2.6] bv (/, J, L, B). To the dual continuted fraction [/3i . . . , fix] 
[71 ... , 7y] denote the combinatorial data by (D, J, L, IB). Then 

(i) = Lt - 1 for all I <t < Lx - I. 

(ii) Dt = Dt+i + iBt for alio <t < Lx - I. 

(iii) Jt+i - Jt = Jst for allO <t <Ly - l- 

(iv) Jt+i ~ Jt = Jht-i for all I < t < Lx — 1. 

(v) Jb, = 1 + EpL^i' K-i alll<t<LY-l. 

Proof, (i) is an immediate consequence of Riemensclineider duality. 

(ii) and (iii) are just a slight rephrasing of a result of Kidoh |Kid01[ 1.3]. 

(iv) By duality, swapping bold and non-bold in (iii) gives Jt+i — Jt — Jst for all < t < 
Lx — 1- The result then follows by (i). 

(v) Follows immediately from (iv) since 

Jb, - 1 = Jb, - Ji = (Jb, - Jb,-i) + . . . + (J2 - Ji) = ^Lp-i- 



p=i 



□ 



The following is known, and can be found in [BR78[ p214]. 



Lemma 2.11. For D„^g as above with ^^^^ = [02,03, . . . ,ae_i], then the r series is simply 
the i-series for the data [a^, + 1, a^, . . . , flg-i]. More precisely, denoting the i-series of [a^, + 
1, 04, . . . , ae_i] by Xqi^Ii ■ • ■> ™c have r^ = for all 2 < k < e. 

Proof. By definition —2— = [ao, . . . , ap_il = 02 — 7 r and so — , — = [a.s, . . . , Op-il. 

But combining Lemma I2.9f iii) , (iv) we know that r^ ~ r2 — {n — q) and further since r2 = 
02 (n — (?) — (by definition) we have 

r2 a2{n-q)-q n - q + a2{n - q) ~ n r , , 

— — — 7 T 7 r — 7 ^ — 03 + i, a4, . . . , ae_i . 

ra a2(n — q) — q — [n — q) a2{n — q) — n 

The result now follows since r4 = (a3 + l)r3 — r2 and rt = at-irt-i — rt-2 for all 5 < <: < e. □ 

Note in particular this means 7'e-i = 1 and = 0. 
Lemma 2.12. Consider D„^g. Then for all 2 < t < e — 2, 

n+i = n+2 + ibt 

Proof. Denote the i-series associated to the following data as follows: 

7^ = [02,03, . . . ,ae_i] by to,ti,... 

[03, 04, . . . , Oe-i] by to,ti,... 

[03 + 1, 04, . . . , fle-i] by 2oi^i5 • ■ • (a-s in Lemma |2. lip 

Since ^^^i^ = [03 + 1, 04, ... , fle-i] it is clear that for < j < e 

lq + Li if j = _ ( Li + 1.2 if j = 
Lj if j > 1 \ Lj+i if j > 1 

Now by Lemma [2.111 for all 2 < A: < e wc have — Ik-2- Thus for 2 < t < e — 2, by the 
above and Lemma [2.101 applied to [/3i, . . . , f3x] = [^i, ■ • ■ , aw] we have 

rt+i = It-i = (-t = Lt+i + ibt ^1t + ibt = + ibf 

□ 

The next lemma is the first key combinatorial lemma needed for the computation of the 
rank 1 special CM modules; the other is Lemma [2.151 
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Lemma 2.13. Consider ^)n,q, then for all v + \ <t < N 

rit = it - it+i- 

Proof. Proceed by induction. Consider first the base case t = v + \. Notice it is always true 
(by definition) that l^+i = Ui^+i- Now to prove the base case requires 2 subcases: 

(i) If a^+i = 3 then by Lemma l^^ iv) 

n^+i = »'q„+i = r3 = V - 2v+i = v+i - i^+2 

(ii) If ttiy+i > 3 then Lemma [23l iv) and Lemma [2. 121 we have 

n^+i ^ r^- {l„+i - 3)v+i = (v - 2iy+i) - - 3)i,.+i = v+i - i,,+2 

and so we are done. This proves the base case t = + 1. i/ = N — I we are done hence 
suppose < — 1, let t be such that ly + 1 < t < N and assume that the result is true for 
smaller t. To prove the induction step again requires 2 subcases 

(i) If at = 2, then It — k-i and so by inductive hypothesis 

i^h = "^h-i = - H = it - H-l- 

(ii) If Qt > 2 then by Lemma 12.121 and inductive hypothesis 

rit = rit-i - {k - k-i)it = [it-i - k) - {at - 2)it = it - U+i- 

□ 

Definition 2.14. Consider D„,<j. Define for i'+l<k<N+l 

fe-1 fe-1 
Afc = 1 + ^ and Tk = ^ di^ 

t=u+l t=u+l 

where the convention is that for k = v + I the sum is empty and so equals zero. 

The following is the second key combinatorial lemma needed to determine the specials. 
Lemma 2.15. Consider Dn,q for any v . Then for all 2 < t < e — 2 

Ct+2 ^ ct+i + and dt+2 ^ dt+i + Tbf 

Proof, (i) The c statement. The trick is to interpret the c's as the j-series associated to some 
continued fraction, then use the results of Lemma [2. 101 

We firstly prove that the lemma holds in the case t = 2. Notice that A^^ = 1 since either 
62 = + 1 and so the sum is empty (and so by convention zero) , or 62 > + 1 in which case 
lu+i = . . . = ^62-1 = 3 and so the sum is C3 + . . . + C3 = 0. Thus 04 = 03 + A^^ follows since 
C4 := 1 and C3 := 0. Hence the result is true for t = 2 thus we may assume that e > 4 and 
restrict our attention to the interval 3 < t < e — 2. 

Denote the j-series of [04, . . . , Oe-i] by j. It is clear from the definition of c that 

ct = jt-3 for all 3 < i < e. 

To [a4, . . . , ae_i]^ denote the j series by |, the 6-series by lb and the I series by L. By 
Lemma r2.10f iii) applied to the data [/3i, . . . , f3x] = [04, ■ • ■ , ^e-i] 

Ct+2 - Ct+1 = jt-1 - jt-2 = Sht-2 for all 2 < t < e - 2. 
On the other hand 

fct-i fct-i 
thus to prove the lemma we just need to show that 

bt-l 

Jbt_2 = l+ Y for all 3 < t < e - 2. 

p=iy+l 
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Now by Ricmenschncidcr duality 



[04, . . . , fle-i]^ — 



[0:62 - 1, ai+b2, ■ • ■ J o-n] if ct^+i = 3 
[ab2 - 2, . . . , un] if a^+i > 3 



from which it is easy to see in either case that 

bo = 1 whereas ht = bt+2 — (&2 — 1) for all 1 < t < e — 4 
and Ls = /(b2-i)+s — 2 for all 1 < s < iV — (^2 — !)• Hence 

h(-l h(-l bt-2-1 

1+ X! = 1 + X! = 1 + jLi-l + • • • + jL(b^_2_i)-l = 1 + X] j[Lp-l=Jbt_2 

p=iy+l p=b2 P=l 

for all 3 < t < e — 2 where the last equality holds by Lemma I2.10f v) applied to the data 
[Pi, ■ ■ ■ ,f3x] = [04, ■ • ■ ,ae_i]. 

(ii) The d statement. The trick is again to interpret the d series as the j-series of 
something, but here it is a little bit more subtle. 

Due to lack of suitable alternatives we recycle notation from the proof of (i): now denote 
the j-series of [cq^^j — 1, aa^^-^+i, ■ ■ ■ , ae-i] by j, and further for the dual continued fraction 
[la^+i — 1, fla^+i+i, ■ ■ • , fle-i]^ deuotc tlic j, b and I series by |. lb and L respectively. 

Now it is easy to see that = . . . = ^0,^+1 = 1 and further dt = 2{t+i)-a^+i for all 
Q!i^+i + 1 < t < e. Hence the result is certainly true (by the convention of the empty sum 
being zero) for the interval 2 < t < a^+i — 1. Thus we are done in the case u = N — \ and 
also in the case e = 4. Thus we may assume that v < N — 1 and that e > 4, and concentrate 
on the interval (a^+i -2) + l<<<e-2 = (a^+i - 2) + (1 + E^=^+2("p ~ 2))- 

By Lemma l2.10r iii) applied to the data [/3i, . . . , (3x\ = [flQ,^+i ^ Oq^+i+Ii ■ • ■ i Oe-i] 

dt+2 - dt+l = j(t+3)-Q,. + i ^ j(t+2)-Q„+i = Jlb(t+2)-c,„+i 

for all - 2) + 1 < t < (a.+i - 2) + (1 + E^=.+2(ap - 2))- 

On the other hand 

bt-l bt-l 

and so the result follows if we can show that 

bt-l 

Jlb(t+2)-„„ + i = X] J('p-",. + i) + l 

for all - 2) + 1 < i < - 2) + (1 + E^=.+2(«p " 2)), i.e. 

b(a„ + l-2) + t-l 

(f) Jbt = X! j(ip-a„ + i) + l 

p=v+l 

for all 1 < i < 1 + E^iy+2('-'^p ~ 2). Now by Riemenschneider duality 

and so Ly — 1 = 1 + '}2!^=u+2^^p ^ 2)- Further it is easy to see that bo = 1, bt = ^(a„+i-2)+t ~ 
{v + l) for alll < t < l + E^^^+2("p-2) and U = - a^+i + 2 for al\l<t<N -v. 

This implies that the sum in ([T]) is simply 

ht + v 

X! j(/p-a.+ l) + l = jl + j(Z„+2-a. + l) + l + ■ • • + j(ibt + ,.-a„+i) + l = 1 + jLi-l + ■ • ■ + Kbt-i-1 
p=i/+l 
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and so by Lemma l2.10r v) applied to the data . . . , Px] = [<ia^+i — 1, Oa^+i+i, • • • , ^e-i] 

p—u+l f— 1 

for all 1 < t < Ly — 1 = 1 + X)^!y+2('^p ~ 2), as required. □ 

3. Computation of the rank 1 specials 

In this section we determine the rank 1 specials for any D„^g and obtain their generators. 
We begin with the following simple lemma. 

Lemma 3.1. Let G be a small finite subgroup o/GL(2, C). For one- dimensional represen- 
tations PtCt, denote the corresponding rank 1 CM modules by Sp and S^- Then as C[x,y]'^- 
modules 

H0mC[2;,y]G(5'p, S'ct) =Sa(g,p*. 

Proof. Since the group G is small, it is well known that £.[x^y\^G = Endcja- j,]g(C[x, y]) and 
addC[x,?/] = CMC[a;,y]'^. Consequently 

projC[x,2/]#G « CMC[x,y]G 
M ^ 

is an equivalence of categories (for details see for example |Yos90[ 10.9]) and thus 

Homc[2;^.y]G(S'p,S'^) = Homc[:i;,j^]#G(C[a:,y] (8)c pX[a;,?/] (g)c cr) 
= Homc[:i,,j^](C[a;,y] ®c pX[x,y\ ®c cr)'^ 

^ (C[X,?/] (g)c (0-0/9*))'^ = S'a^p. 

□ 

We shall see that there is a strong relationship between some of the specials and the 
i-series associated with the continued fraction expansion of ^. 

Definition 3.2. For 1 <t <n — q define Wt to be the CM module containing {xyY . 

We should make two remarks. Firstly the Wt are well defined since {xyY is a relative 
invariant for the one-dimensional representation 



n — q odd 


n - 


- q even 


T (-1)* 


i^2q 
T'fi{n~q) 


^ 1 

{n-q)+t 
^2{n~q) 



Secondly, the assumption t < n — q ensures that the Wt are all distinct representations. Now 
for any D„^g by Lemma I2.9( iv) it is true that v+i < n — q and so we aim to prove that 
W^i^+i , l^j„+2 1 • • • J W^ijv ^re special CM modules. By the previous discussion in Section 2 we 
just need to show that they are two-generated. 

Denote R = C[x,y]'^. The next lemma is trivial but is used extensively. 

Lemma 3.3. Consider a rank-1 CM R- module T. Let /i,/2 G T be such that every element 
of T may be writen as Afi -\- Bf2 for some polynomials A and B. Then T is generated as an 
R-module by f\ and f2- 

Proof. Let a e T be written as a = Afi + -B/2. We just need to show that we can replace A 
and B with polynomials inside R, then the result obviously follows. Taking any element g of 
the group G, since /i, /2 G T we may act on a and then cancel the relative invariant scalars, 
leaving 

a = (5 • A)fi + {g ■ B)f2 
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Thus summing over all group elements 



\G\ 



geG 



□ 



For technical reasons we split the proof that Wi^^^-^, . . . Wi,^ are special into two cases: 
Case 1: < < — 1, so > 3. By definition and Lemma [3.11 certainly we have 

the following maps between them 



R 



Now by Lemma l^^ iii) 2(n — q) = r2 + iu+i so since (xj/)^^""''' is an invariant we also have 
a map {xyY^ : Wi^^-^ R. Since (xj/)''^t«2 is an invariant this in turn means 

(i) there is a map W2 : R ^ 

(ii) (since 2r3 + i^+i = there is a map g {xy)^^^W2 : W^i„+i R- 

But also {xyY't w'^'* is invariant, so by lemma [^.131 we have, for each ;^+l<t<A^ — 1, 
a map 



Cit d-lf JJTT 



and also a map iWj'" w^s' 
picture: 



2 "^3 • "^'t " H+l 

R. Thus we have justified all the maps in the following 




In general there will be more maps. If a^+i > 3 then for every 2 < t < a^+i — 2 add an extra 



map Wi,^^j — > R labelled (xy)'* 



' . For all such t it is true that bt 



1 and so 



ct+i dt+1 



is an invariant and rt+i = rt+2+ibt 



these maps go where they should since (a;?/)''*+H 
by Lemma [2. 121 

Now if s is such that ly + 1 < s < N with ag > 2, then for every 1 < < < — 2 add 



an extra map Wi^ — > i? labelled {xyY 



For all such t it is true that 



-1 + *f't-2 



Thus 



is an invariant. 



&t_2+;,_i s and so by Lemma dJl] r(_i+;,_j = rt+i^ 

these maps also go where they should since {xyY'^^^'=-^ 

Notation 3.4. We denote by Di the above quiver with all the extra arrows (if these extra 
arrows exist). We denote by D2 the quiver obtained from Di by making the substitution 
W2 V2 ciiT-d- W3 ^— > W3 wherever W2 and appear in the labels of the arrows in Di. 

In the next proposition the cycle pattern is the same as in type A, but to write down 
the proof here is a little awkward since we need to rely heavily on the combinatorics from 
Section 2. 

Proposition 3.5. At every vertex in the quiver Di all invariant polynomials exist as a sum 
of compositions of cycles at that vertex. Furthermore if we remove any one arrow this is no 
longer true. Both statements also hold for D2. 

Proof. We first prove the statements for Di. It is clear by following the outside anticlockwise 
arrows that at each vertex there is a cycle labelled (xy)^^"^^-'. By Lemma [^751 we must justify 
why at each vertex there is also the cycle (xy)'"' Wj'^s' for all 2 < < < e. 

Firstly consider t = 2, i.e. {xyY^W2. At the vertex R we can see this by following the 
W2 arrow pointing up on the left hand side then the {xyY^ pointing down; for the vertex 
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^i^+i go down via (xyY^ first then up via W2- For all other vertices follow all the 
anticlockwise arrows on the outside, except on the section between Wi^^-^ and R where the 
g = {xy)'^'^^W2 arrow should be followed; this composition gives {xyY^W2 by Lemma l2.9r v) 
since r2 = 2r3 + z^+i. 

Now consider t = 3, i.e. {xyY^ws. To view this we need two cases. 
Case 1: a^+i > 3. In this case we need to justify why we can view {xyY^wy, at all vertices 
by following the path: 




where in the section between Wi^^^ and R we follow the extra arrow out of Wi^^^ labelled by 
(xy)'"^u'2^z«3^. But the overall composition equals {xyY^ w'^^ = (xyY^w^ since a^+i > 3 
implies b2 ^ v + I and so ^ + iv+i by Lemma 12.121 

Case 2: a,^+i = 3. In this case 62 is equal to the next t such that at > 2; in order to draw a 
picture assume that this is a^+a then we need to justify why we can view {xyY'^wa as: 



W,,. 



W,.. 



w,. 



w,. 



R 



R 




where in the above picture we have followed the extra arrow out of Wi^_^_^ labelled by 

{xyY'-^'"+^W2"^^ w^'"^^ . Now l^^2 = hy+i since = 2, which equals a,y^i = 3. Thus 

the extra arrow is really labelled {xyY'^W2^w^^ = {xyY'^ws and so the composition through 
the extra arrow is simply [xyY'^^^'^'^'^ws. But now = ri + iv+s by Lemma 12.121 This jus- 
tifies {xyY^wz at vertices Wi^^^, . . . , Wij^, R so we just need to justify the cycles at vertices 
Wi^^-^ and Wi^_^_2 drawn in the above picture. But since a^+2 = 2 this is trivial. 

Thus in both cases, at all vertices we can see the invariant {xyY^w^. Now the proof 
continues in exactly the same way as the pattern in type A: for the convience of the reader 
we do one more step, namely {xyY^ "^2"^ w^'^ . Again we must split into cases: 
Case 1: a^z+i > 4. In this case we must justify why we can view [xyY'^w'^^w'^'^ at all vertices 
by following the path 




where in the section between W^^^j and R we follow the extra arrow out of Wi^^^ labelled 
by {xyY'^ 'w'2'w'i^'^ . But the overall composition equals {xyY^w'^^w'^'^ since a^+i > 4 implies 
63 = + 1 and so = + iu+i by Lemma 12.121 
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Case 2: a^+i = 4. How to sec {xyy''W2'^w^'^ at all vertices is similar to Case 2 above: 



R 



V + 3 



R 








where in the above picture we have followed the extra arrow out of Wi^^^ labelled by 



{xy) 



The justification is the same as above, except now lu+2 = ^v+i 



ajj+i = 4 so the extra arrow is really labelled [xyY 
through the extra arrow is simply {xy) 



£4 ^4 



Consequently the composition 

, but r4 = r5 + ii/+3 in this case by 
and Wi^_^_2 is identical to Case 2 above. 



C4 ^4 



Lemma [2. 121 The justification for the cycles at Wi 
Case 3: Uu+i = 3. This case now depends on whether a,y+3 > 3 or not. 
Subcase 1: a^j^j, > 3. We must justify why {xyY'^W2'^w^'^ can be viewed as the composition 
of paths 




where the left extra arrow out of Wi^^^^ is labelled [xyY'^^'^^+^i 
extra arrow out of Wi^_^^ is labelled (xy) 



2"^^ Wr^'^"^^ whereas the right 
N0WZ1/+2 = Iv+i = (iiz+i = 3 



in this case, so the left hand composition equals {xyY^W2^'^^"''''''w'^^~^^"^^ whereas the right 
hand composition equals {xyY^'^''"*^W2^W3'^ ■ Now ai^+i = 3 and a,y+3 > 2 implies that 
^2 = 1^ + 3 and so by Lemma [2.151 we see that C4 = C3 + A,y+3 and ^4 = ^3 + Fj^+s. Also 
c^u+s > 3 implies 63 = + 3 and so ~ + V+3 by Lemma 12.121 Hence both compositions 
represent {xyY^W2'^w'^'^ . 

Subcase 2: — 3. We must now travel to the next a > 2; to draw a picture suppose 

> 2 then we must justify why the invariant can be viewed as 




R 



w,.. 



W^.. + 4 




But this is true again by Lemmas 12.121 and 12.151 

This finishes the justfiication for the invariant {xyY'^w'^^w'^'^ . The proof now continues 
in this fashion. It is worth stressing that the cycle pattern is exactly the same as for the 
reconstruction algebra of type A, where Lemmas 12.91 12.121 and 12.151 are used to make sure 
that the combinatorics match. Since by Lemma [2.31 the collection (xy)^'-""''-' , {xyY'^w'^^wf' 
for all 2 < t < e generate C[x, y]"^" ' it follows that we can see, at each vertex, all invariants. 
If we remove any one arrow from Di then by inspection (or use the fact that it is true in type 
A) we will no longer be able to see all invariants at all vertices. 
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To obtain the final statement regarding D2, note that in the above proof if we make 
the substitution W2 vi and W3 1— > W3 throughout and appeal to Theorem 12.21 instead of 
Lemma [2.31 nothing in the proof is effected. □ 

Remark 3.6. The pattern to see the invariants as cycles is also illustrated in Example 16.21 
(albeit on a slightly different quiver). 

Theorem 3.7. For D„_g •with < < iV — 1 and all 1 < t < i/ + 1, Wi^ is generated as 
a C[x, y]"^"'' module by {xyY* and W2 ^w^^ , and so is special. Alternatively we can take as 
generators {xyY* and V2 *v^* . 

Proof. We restrict ourselves to proving the generators {xyY* and w^*w^* by using Di; the 
other generators follow immediately from the proof below by making the substitutions W2 1— > 
V2 and W3 1-^ U3 throughout and working with D2 instead. 

We firstly verify the case then proceed by induction on decreasing t. To prove the 
Wi„ case we split into 2 subcases: 

Case 1: = 2. Let / G and consider fw2"w'^'"] its an invariant and so view it as 
sums of cycles at the vertex . These must all leave the vertex, so since there are only 2 
arrows out we can write 

fwl'-wt'- ^ wl'" w"^'- Po,N + {xyY"-'-'"PN-i.N 
where po,Af is a sum of paths from R to and pn-i^n is a sum of paths from M^ijv-i to 
Note that iw-i — *w = 1 since = 2. Viewing everthing as polynomials Wj'^Wg'" 
must divide pn-i,n and so after cancelling the vj^'^ w^^" term we may write 

/ = Po.N + {:xy)A 

for some polynomial A. By inspection of the quiver Di there are only two paths from R to 
Wi^ that don't involve cycles, so after moving all cycles to the end of the path (which we 
can do since there are all invariants at all vertices) we may write po,n as 

Po.N = {xyY^'^Bi + {w^''wl'')B2 

for some polynomials Bi and i?2- Thus since r/„ = 1 we see that 

/ - {xy){Bi + A) + {w^^wlnB2 

thus by Lemma [?751 it follows that Wi„ is generated by xy = [xyY" and and so is 

special. 

Case 2: un > 2. Let / £ VFi„. Since aN > 2 there is an extra arrow from Wi„ to R labelled 
by {xyY'+''^-^W2"-'wf'''-\ Further by Lemma [US] and Lemma[2ll2] 

thus since = and iN ~ 1 it follows that ri+/„_j = (in-i — ^n) — 1- Consequently 

the polynomial /(a;?/)^'"-i~'™-'^^u;2'"~^ '"'a'""'^ is an invariant and so we can view it as a sum 
of cycles at the vertex . They all must leave the vertex, so we may write 

/(x2/)(*"-i-'")-iu;2'"-^W3'"^^ = 

(a;y)*"-i-*"Ai + {xyY'"-'~'^^'^W2''-'wf"-'po,N + w^'w^'B^ 

where pq^n is a sum of paths from R to Wi„, Ai is a sum of paths from Wij^_-^ to Wi„, and 
Bi is some polynomial; we can do this since all the other arrows leaving Wi„ are divisible by 
w^*w^' by Lemma 12.151 Viewing everything as polynomials, (xy)(*™"i~*")^^ must divide 

Bi and further W2"^^ w^'^"^^ must divide Ai, thus after cancelling these terms we see 

/ = {xy)A2 + P0,N + W2*w\*B2 
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for some polynomials A2 and 82- By inspection of the quiver Di there are only two paths 
from R to Wij^ that don't involve cycles (one is xy = (xyY'i^ , the other is w^" w^"), so after 
moving all cycles to the end of the path (which we can do since there are all invariants at all 
vertices) we may write Po^n sls 

for some polynomials Ci and C2. Thus since = 1 we sec that 

/ = {xy){C\ +A2) + {w^-w^-){B2 + C2) 

and so by Lemma [3.31 it follows that Wi^ is generated by xy = {xyY^ and w^"w^" , hence 
is special. 

For the induction case suppose we are considering Wi^ with i> + 1 < t < N and we have 

established the result for W^^^j . Let / G Wi^ and consider /wj'' w'^'* £ ^h+i ■ By inductive 
hypothesis we may write 

fw2'wt'* = {xyY'^'Ai+wf'+'wl'+'Bi 

for some invariant polynomials Ai,Bi. Viewing everything as polynomials we see that 
^'2*^3'* divides Ai and so after cancelling this factor 

f = {xyy*+'A2+w^'wl'Bi 

for some polynomial A2 . Since Bi is invariant w^* W3 ' Bi S Wi^ , hence since / G Wi^ we get 
{xyy*+'^A2 £ Wij. This is turn implies that A2W2*w^'* is an invariant, and so we can view 
it as a sum of cycles at vertex Wi^^^ . From here we split into 2 subcases: 
Case 1: at+i = 2. Then there are only two arrows out of Wi^_^-^, thus 

A2W2''wi'' = {xyy^-^^+^Pt^t+,+W2'^'wf'^'pt+2,t+i 

where pt,t+i is a sum of paths from Wi^ to Wi^^-^ and pt+2,t+i is a sum of paths from Wi^^^ to 
VKij^j. But since at+i = 2 it follows that ci^^^ = ci^ and di^_^-^ = di^, thus viewing everything 

as polynomials w^^w^^* divides pt.t+i and so after cancelling this factor 

A2 = ixyy'-''+'Di+pt+2.t+i 

for some polynomial Di. Now any path from Wi^^^ to Wi^^^ must either factor through the 

r 

map {xyy*+^~'^*+'^ or go via R and end through the composition of maps W2 *^^w^*'^^ , thus 
we may write ^44.2,4+1 as 

pt+2,t+i = {xyr^'-'''+-E,+wt'^'wl'+'E2 

for some polynomials Ei and £'2- But it — it+i ~ it+i ~ *t+2 since 0:4+ 1 = 2, hence 

A2 = ixyy'-''^'{Di+Ei)+W2'^'wl'^'E2. 

Consequently 

/ = {xyy*+'{{xyy*-'*+'{Di+Ei)+W2'^'wl*+'E2)+w^'wl'Bi 

= {xyy'Fi+w^'wl'F2 

for some polynomials Fi and F2. Hence by Lemma [3.31 it follows that Wi^ is generated by 
{xyy* and w^'Wg*, thus is special. 
Case 2: at+i > 2. Here we may write 

A2wl'^wt'^ = {xyy^~'^+'pt,t+i + {xyy*-^''^'wl'^wf^po,t+i+wf'^'wl'+'Gi 

where pt,t+i is a sum of paths from Wi^ to Wi^^^, Po,t+i is a sum of paths from R to Wi^_^^ 
and Gi is some polynomial; we can do this since by Lemma [2. 151 all other paths out of Wi^^^ 
when viewed as polynomials are divisible by u;^'"^^ Wg*'*"^ We are also using the fact that 
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ri+/j = it ~ 2it+i, which is true by Lemma 12.131 and Lemma 12.121 By inspection of Di we 
may write 

for some polynomials Hi , H2 and so 

say. Thus Wj'* w^''^ must divide Ji and so after cancelling this factor we get 

A2 = {xyy'-''+'J2 + W2'wl'Ki 
for some polynomial J2. Consequently 

/ = {xyy'+Hixyy'~'''+'J2 + w^'wl'Ki) + w^'wl'Bi 
= {xyy'J2 + w^'wl'{Bi + {xyy'+'Ki) 

and so by Lemma [3T3l it follows that Wi^ is generated by (xj/)*' and w^^w^* , thus is special. 
This establishes the induction step, so the result now follows. □ 

Case 2: = N - 1. 

Theorem 3.8. For Dn,q with u = N — 1, Wi,^ = W\ is generated as a C[x, y]^"^-i module by 
xy and W2, thus is special. Alternatively we can take as generators xy and V2. 

Proof. We prove the statement regarding xy and W2 ; the other statement follows immediately 
since either = iV — 1 is odd and so V2 = W2, or its even in which case (since q = i^+i + 
i^{n-q) = l + v{n - q) by LemmaEHJii)) V2 ^ W2 - 2(a;y)((a;?/)2("-'?))t with ((a;j/)2("-9))§ 
an invariant. 

If ajv = 2 then the group is in S'i(2,C) and so the result is well-known, hence we can 
assume that > 2. It is clear that we have the following maps from R to and from 

W^^ to R: 




-{xy) +''2u,2^tU3 

Note {xy)^^^''^ w'^ w'l^ = [xy)~^^'^'^ W2 and also by Lemma [2.91 — 1 + r2 = 2r^ — 2 which is 
greater than zero since > 2 forces r^ > 1. Now if a^r > 3, for every t with <t < + 1 
add an extra arrow from Wi to R labelled 

{xyY'w2^^'''w't = (x2/)""+i-*w*-3w3 

where the equality holds since rt = ajv + l^^by Lemma 12.121 whilst cj = t — 3 and dt = 1 
by Lemma l2.15l The extra maps go where they should since {xyY* W2 w'^* is an invariant for 
all4<t<e = aAr-|-l and we have a map W2 from R to . It is easy to see that at both 
vertices we have all invariants. Let / £ Wi„ and consider the invariant /w2"~^if3- Now the 
two original arrows from Wi„ to R both have factor xy and further all the extra arrows from 
Wi„ to R have factor xy, except ^2"" '"'s- Consequently viewing fw2"~ W3 as cycles at 
the vertex Wi^^ we can write 

fw^-^-^ws = ^2 ""^«^3-4 + ixy)B 

where A is a sum of paths from R to Wi,^ and B is some polynomial. But there are only two 
arrows from R to Wi„ (namely xy and W2) and so writing A in terms of them 

/u;2"~^W3 = Wj^^^wsAi + {xy){B + w'^"^'^ws,A2) 

for some polynomials Ai,A2. Thus must divide B + w'^'^ '^w^A2 and so after 

cancelling these terms we get 

/ = W2A1 + {xy)B2 
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for some polynomial B2. Hence by Lemma 13.31 it follows that Wi — Wi„ is generated by xy 
and W2 and so is special. □ 

We now search for the remaining two rank 1 specials. 

Definition 3.9. Define Wt to be the CM module containing x'' + y'' , and to he the CM 

module containing — . 

These are well defined since x'' ± is a relative invariant for the one-dimensional rep- 
resentations 



n 


— q odd 


n — 


q even 


T 

'P2{n-q) 


^ Tl 

- el 


■>p2q 
Tfiin-q) 


^ Tl 



Note also that W+ and W- are different representations, and that they are also distinct from 
the Wt defined earlier. 

Lemma 3.10. For any E)n,q with any v, W+ is generated by the two elements {xy)^~'^{x'^ — 
y''), x'^ + y*^ whilst W- is generated by the two elements {xy)'"~'^{x'^ + y^), x'^ — y*?. Hence both 
are special. 

Proof. Let f €W+.We firstly claim that W2 = (a;« + y«)(a;9 + (-l)'^y«) e W.,^^, ■,iiv = N-l 
then this follows since W2 generates Wi^^^ = Wi^ = Wi by Theorem 13.81 ifO<zy<A^ — 1 
it follows by inspection of Di. It follows that /(x'^ + (— l)'^y'^) G But by combining 

Theorem 13.71 and Theorem 13. 8[ for any v we know that Wi^^-^ is generated by (xy)'"+i and 
W2 "'''^w^"^^ ^ W2 = [x'' + y'^){x'' + (— l)''y'') and so we may write 

/(x* + (-l)'^y'') = (.Ty)*-+^Ci + [x" + y«)(x' + (-l)'^y'')C2 

for some invariant polynomials Ci,C2. This means x'^ + (— l)'^y'' must divide Ci and so by 
Lemma 12.31 by inspection of the list of generators of the invariant ring we may write 

Ci = {xyY^ix" -y'i){x'i + (-l)V)^i + {x" + y'>){x'i + (-1)V)^2 

for some polynomials Di,D2, thus 

/ = {xyy'+'"+'{x'^ ~ y'')Di + {x" + y«)(C72 + {xyy-^'D2). 

Now by Lemma |2.9[ r^ + i^+i = n — q and so 

/ = (xy)"-9(x« - y«)i?i + (x« + y«)(C2 + (xy)'-+ii?2), 

hence by Lemma [3.31 it follows that W+ is generated by (xy)"~*(a;* — y'') and x'^ + y"^, thus 
is special. The argument for W- is symmetrical. □ 

Summarizing what we have proved: 

Theorem 3.11. For any D„_g, the following CM modules are special and further they are 
2-generated as C[x,y]'^"-^ -modules by the following elements: 



w+ 


xt + y" 




xi -yi 








{xyY-^^ 




{xyy« 



{xyr-'^ix'i -y") 
(xy)"-«(x«+y9) 



W2 



r ;v 

W2 W3™ 



xi -yi 
{xyy-+^ 
{xyy-^+' 



(xy)"-«(x«-y9) 
(xy)"-«(x«+y9) 



V2 



(xyY 



where the left column is one such choice of generators, and the right hand column is another 
choice. Further there are no other non-free rank one specials. 



Proof. Combine Lemma [3. 101 Theorem l3.7l and Theorem 13.81 Since they are distinct and we 
have N + 2 — ly oi them, as explained in Section 2 these must be them all. □ 
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We can now assign to each of the above specials the corresponding vertex in the minimal 
resolution. The ly > version of the following lemma can be found in [Wem09j . 

Lemma 3.12. Consider Dn.q with ly ~ 0. Then the specials correspond to the dual graph of 
the minimal resolution in the following way 

'-2 — — w+ W,, W,,_, w,. 

Proof. The assumption v = translates into the condition ai > 3. Here the fundamental 
cycle Zf is reduced from which, denoting the exceptional curves by {Ei}ii=j, we can easily 
calculate 



{—Zf ■ Ei)ifzi = 

• • • ■ • ■ • • 

1 — 3+ai — 2+Q2 — 2+Qjv-i — 1+ajv 



{{Zk - Zf) ■ E,), 



£I — 



Now denoting R = C[a;, y]"^" ' if we consider the quiver of Endfl(i? ® 



we must be able to see the generators of the specials as compositions of irreducible maps out 
of R. But by [Wem08[ 3.3] using the above intersection theory calculation it follows that we 
must see the generators of the specials using only compositions of the maps 




Inspecting the list of generators of the specials, it is clear that xy £ Wi,^ cannot factor 
through any of the other specials, thus we must have this as an arrow in the quiver and so 
consequently VK^^ must correspond to one of the vertices above to which R connects. The 



same analysis holds for (+) 



e W+ and (-) := 



- S W- and so these too must 



correspond to vertices to which R connects. Now both (+)^ and (— )^ belong to W^^, and it 
is clear that they factor as R ^ W+ ^ Wi-^ and i? — ' ' 



Wi^ respectively. By 

inspection of the generators of the specials, both the maps W+ ^ W^j and Wt-^ 
are irreducible, hence Wi^ must be a common neighbour to both W+ and This forces 

the positions of W+, W- and Wi^ in the dual graph as in the statement, and also forces 
the position of Wi„ since it must occupy the final vertex which is connected to R. Now the 
polynomial {xyY^ factors as 



R, 



forcing the remaining positions. 



□ 



4. The reconstruction algebra 

In this section we define the reconstruction algebra -Dn,g with parameter i> = 0; when 
ly > a. corresponding definition can be found in |Wem09] . In fact we give two different 
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presentations of this algebra and prove both are isomorphic to the endomorphism ring of the 
specials. 

Consider, for iV e N with N > 2 and for positive integers ai > 3 and a; > 2 for all 
2 < i < N , the labelled Dynkin diagram of type D: 



-2 

• • • ■ • • • 

We call the left hand vertex the + vertex, the top vertex the — vertex and the vertex 
corresponding to the i*'' vertex. 

To the labelled Dynkin diagram above we add an extended vertex (called *) and 'double- 
up' as follows: 




Now if X^i^iC*^* — 2) > 2 we add extra arrows to the above picture in the following way: 

• if q;i > 3 then add an extra ai — 3 arrows from the f** vertex to 

• If > 2 with i > 2 then add an extra — 2 arrows from the i*'* vertex to *. 

Label the new arrows (if they exist) by fc2, . . . , k-^N (c._2) starting from the 1** vertex and 
working to the right. Name this new quiver Q. 

Example 4.1. Consider Dig, 5 then ^ = [4, 3, 2] and so the quiver Q is 
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Now for every D„,g with 1^ = denote ki := a+o and fcj_|_j--N (Qi-2) catq. 

Definition 4.3. For all 1 < r < 1 + J^iLii'^i ~ 2) define B,. ("'t/ie butt'') to be the number 
(or +) of the vertex associated to the tail of the arrow kr . 

Notice for aU 2 < ?- < 1 + X^iLil"^' ~ 2) it is true that B,. = br where br is the 6-scries of 
^ defined in Section 2. However Bi ^ 61 since bi = u + 1 = 1 whilst Bi = + by the definition 
of ki. 

Now define 71+ = 1 and further for 1 < i < A'^ denote 

Ui := max{j : 2 < j < e — 2 with bj = i} 
Vi :~ min{j : 2 < j < e — 2 with bj ~ i} 

if such things exist (i.e. vertex i has an extra arrow leaving it). Also define Wi :— + and for 
every 2 < i < N consider the set 

Si ~ {vertex j '■ 1 < j < i and j has an extra arrow leaving it}. 

For 2 < i < define 



+ if Si is empty 

the maximal number in Si else 



and so Wi is defined for all 1 < i < A^. The idea behind it is that Wi records the closest 
vertex to the left of vertex i which has a k leaving it; since we have defined ki := a+o this is 
always possible to find. Now define, for alll < i < N, Vi = un/. . Thus Vi records the number 
of the largest k to the left of the vertex i, where since ki :— a+o and = 1 it always exists. 

Definition 4.4. For ^ = [ai, . . . ,aN] with 1^ = (i.e. ai > 3) define D„ g, the reconstruc- 
tion algebra of type D, to be the path algebra of the quiver Q defined above subject to the 
relations 

1. co+c+i - co_c_i 4Aoi 

2. co+a+o = co_a_o 

3. U-qCo- = C-iOi- 

4. ai+c+i = ai_c_i 
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Coi 



together with the relations defined algorithmically as: 
Step 0: a+oCo+ = c+iai^ 

Step 1: If ai ^ 3 012021 = ai+c+i 

If ai > 3 A:2Aoi = ai+c+i, ^01^2 = CQ+a+o 

ktCoi = fct+1^01, Coih = Aoikt+i V 2 < t < ui 
kuiCoi = Ci2a2i 

Step i: Ifai = 2 Cii+iOi+u = au-iCi-u 

If ai > 2 ky.Aoi = aii-iCi-u,Aoiky. = CoBv^ky^ 

ktCoi = kt+iAoi,Coikt = Aoikt+i ^ Vi < t < Ui 
kuiCoi = Cii+ifli+ii 

Step N: If UN = 2 cnoCIqn = aNN-iCN-iNjCoBv^kv^ = aojvcjvo 

If OiN > 2 kyj^aoN = O-NN-lCN-lN , aoNkvN = CoBv^, fcvw 

ktCoN = h+iaoN, CoNh = aoNh+i W vn <t < un 

where Aot ooat . . .at+u for every 1 < t < N. The C"s are defined as follows: we define 
Co+ := Co+, and Cqi := C01C12 ■ • ■ Ct-it for all 1 < t < N . The only thing that remains to be 
defined is Cqi, and it is this which changes according to the presentation, namely 

co+c+i in moduli presentation 

i(co+c_|-i + co-C_i) in symmetric presentation 

The colour red is used so that in the above definition it is clear which relations can 
change depending on the presentation. 

Remark 4.5. We should explain why we give two presentations. The symmetric case is 
pleasing since it treats the two (—2) horns equally, so that the algebra produced is independent 
of how we view the dual graph (see Lemma r4.13|) . On the other hand the moduli presentation 
treats one of the (—2) horns (namely +) to be 'better' as relations go through that vertex 
and not the — vertex. The moduli presentation makes the explicit geometry easier to write 
down in Section 5, and is also satisfactory from the viewpoint of Remark l4.6l below. We show 
in Theorem 14.111 that the two presentations yield isomorphic algebras, but note that the 
explicit isomorphism is difficult to write down. For the moment denote D^^q for the moduli 
presentation and ^ for the symmetric presentation, as a priori they may be different. 

Remark 4.6. In the moduli presentation (i.e. Coi = cq+c+o) the algorithmic relations are 
precisely the same as those for the reconstruction algebra of type A associated to the data 

— 2 — (ai — 1) — Q9 — ttiv-l — OAf 

• • • • ■ • • • 

Consequently you should think of the moduli presentation of the reconstruction algebra of 
type D for = to simply be a reconstruction algebra of type A with a bit stuck on to 
compensate for the dihedral horns. 

Remark 4.7. Since Cq+ := co+, the two presentations are exactly the same if and only if 
Q!i = 3 and a2 = ■ ■ ■ = = 2, i.e. the family D2s+i,s of Example 16. II This corresponds to 
the 'base case' of |Wem081 3.6]. Note also that the use of B (instead of the 6-serics b) in the 
above definition is not a typo since Wn = + is certainly possible (e.g. in the family D2s+i,s) 
in which case Vn = u+ = 1; consequently Bvj^ = Bi = +, which is different to &i = 1. Thus 
using the 6-series b can take us to the wrong vertex. 

Remark 4.8. Double care must be taken to get the algorithmic relations here from the ones 
in [Wcm07 . Firstly loc. cit labels the extra arrows k in the other direction and secondly it 
also begins labelling with a ki instead of k2 (which we use here) . The fact that the direction 
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of the labelling of the /c's has changed is aekward but it doesn't matter due to the duality for 
reconstruction algebras of type A (see |Wem07[ 2.10]). 

Example 4.9. For the group D18.5 the symmetric presentation of the reconstruction algebra 
is the quiver in Example 14 . 1 1 sub i ect to the relations 

co+c+i - co-C_i = 4(003032021) 
co+a+o = co-a_o 

oi+c+i = ai_c_i 
a+oCo+ = c+iai+ 
fli+c+i = fc2(ao3a32a2i) (ao3a32a2i)fc2 = co+a+o 
hi^ico+c+i + co-c_i)) = ci2a2i 

a2lCl2 = ^3(003032) (003032)^3 = (^(CQ+C+I + Co-C_i))fc2 
^3(5(20+0+1 + Co-C_i)ci2) = 023032 
a32C23 = C3o(ao3) (ao3)c3o = (i(co+C+i + Co-C_i)ci2)fc3 

Example 4.10. For the group 052,11 the moduli presentation of the reconstruction algebra 
is the quiver in Example 14.21 subject to the relations 

co+c+i - co-c-i = 4003032021 
co+a+o = co-a_o 
a_oCo- = c-ifli^ 
ai+c+i = ai_c_i 
0'+qCo+ = c+iai+ 
fli+c+i = fc2(ao3a32a2i) (ao3a32a2i)fc2 = co+a+o 
fc2(co+c+i) = fc3(ao3a32a2i) (003032021 )A:3 = (co+c+i)A:2 
fc3(co+c+i) = 012021 

O21C12 = fc4(o03O32) (003032)^4 = (co+C+i)A:3 
fc4(co+C+iCi2) = fc5(o03O32) (003032)^5 = (co+C+iCi2)fc4 
fc5(co+C+lCi2) = C23O32 

032C23 = ^6(003) (003)^6 = (co+c+iCi2)A;5 

fc6(co+C+lCi2C23) = C3o(oo3) (003)230 = (co+C+iCi2C23)fc6 

The following is the main theorem of this paper. 

Theorem 4.11. For a group D„.g with parameter v = (i.e. reduced fundamental cycle), 
denote R = C[x, y]'^"-" and let T^^g = R®W+ ®W- Wi^ be the sum of the special CM 
modules. Then 

Dn,q ^ End«(T„,g) = D'^ ,^. 

Proof. We prove both statements at the same time, by making different choices for the 
generators of the specials. Using the intersection theory in the proof of Lemma [3. 121 it follows 
immediately from |Wem08[ 3.3] that the quiver of the endomorphism ring of the specials is 
precisely that of the quiver Q defined above. We first find representatives for the known 
number of arrows: 

As before denote x'' + y'' = (+) and x'' — y'' ^ (— ). We must reach the generators of 

the specials as paths out of R (i.e. ★). We know from the proof of Lemma [3.121 we may 

choose co+ = (+), c+i = (+), co- = (-), c_i = (-), oow = xy and at+u = {xyY'* = 

(xy)'*~'*+^ (for all 1 < t < N) as representatives. Now the generator {xy)'^^'^{+) of W- 

must be reached through Wi^. Since {xy)"~'^{+) = (ooa? . . . 02i)(xy)"~^*(+) we may choose 

oi- = (xy)"~^''(+) = {xyy^{+). By symmetry we may choose oi+ = {xyY^{—). 

A r 

Now consider the generator ^ ^ of Wi^ ■ We already have the generator W2 = co+c+i 
from R to Wi^ , so it is clear that we may choose C12 = 1^2'^ w^'^ . If we consider the generator V2 
of instead (which we have as i(co+c+i+co-C_i)) and want to obtain the generator ^2 ^^3^ 

of , instead choose C12 = v^'^ v^^'^ . Continuing like this we can choose ctt+i = W3'' for 
all 1 < t < iV. 
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Now it is also fairly clear that wc may choose cjvo = ""^a'" ~ ^2^^^ ''^3''^^ • To see this 
firstly note that Wj"^^ Wg"^^ doesn't factor through gnn-i (the only possible map to the non- 
trivial specials). Secondly note that ^12"^^ w'^^^^ can't factor as some map from Wij^ to R mul- 
tiplied by a non-scalar invariant else the invariant generator aoNCNo — (xyY"^^ 11^2"^^^ ^t^^^ 
factors into two non-scalar invariants, contradicting the embedding dimension. A similar 
argument shows that we may choose a+o — {^yY^i^) a-nd a_o = (xj/)'"^ (4-). 

Hence we have labelled all arrows in Q by polynomials, except ^2, . . . , k^s (if the k 
arrows exist). How to do this is obvious by the quiver Di in Section 3: if the fc's exist we can 
choose kt labelled by kt = {xy)''*^^ 102*'''^ w'^*^^ . The argument that these choices don't factor 
through other specials via maps of strictly positive lower degrees (and so can be chosen 
as representatives) is similar to the above - for example if ai > 4 consider {xyY'^W2^w'^^ . 
Firstly it does not factor through maps we have already chosen, since if it does we may write 
{xyY'^W2^W3^ = cLi-f + + C12/1 = {xyY^F + W2^ w^'^ h. But by looking at xy powers we 
know {xyY* divides h and so after cancelling factors we may write Wj^Wg^ = {xyY^~'^*F + 

w^^^ hi. After cancelling w'^w'^^ (which F must be divisible by) 1 = Wj'^ ^^uig'^ '^^hi -f- 
{xyY^~^'^F' which is impossible since the right hand side cannot have degree zero terms. 
Secondly, {xyY^w'2W^^ does not factor as a map Wi^ R followed by a non-scalar invariant 
since again this would contradict the embedding dimension. Hence we may choose fc2 = 
{xyY'^W2^w^'' in this case. Continue like this: if ai > 5 we want to choose fcg = {xyY'^ W2'^ w^'^ . 
If it factors through maps we have already chosen then we may write fca = ai-f+ai^g-j-k2j + 
crih = [xyY*F + C12/1, so just repeating the argument above shows that this is impossible. 

By the above, we have justified that we may choose the following as representatives of 
all the irreducible maps between the specials 




and further in the above picture we also have, if X]i=i('^i ^ 2) > 2, for every 2 < t < 
Yl!i=i{'^i ~ 2) the extra arrows kt labelled by kt = [xyY^^'^w^^^ iv!^^^^ . The symmetric 
presentation choices are identical, except everywhere we replace W2 by V2 and by V3. 

Denote the relations in Definition 14.41 by S' . For the relations part of the proof, below 
we are really working in the completed case (so we can use jWemOSi 3.3] and [BIRSi 3.4]) 
and we prove that the completion of the endomorphism ring of the specials is given as the 
completion of CQ (denoted CQ) modulo the closure of the ideal {S') (denoted {S')). The 
non-completed version of the theorem then follows by simply taking the associated graded 
ring of both sides of the isomorphism. 

Now denote the kernel of the surjection CQ Endc^j^, j,]]g (r„,g) := A by /, denote 
the radical of CQ by J and further for t G {*,+,—, 1, iV} denote by St the simple 
corresponding to the vertex t of Q. In Lemma [4.121 below we show that the elements of S' 
are linearly independent in // {IJ+ JI). Thus we may extend S' to a basis iS of // (/J -I- JI). 
Now by pRSl 3.4(a)] / = (5y and further by pRSl 3.4(b)] 



dimcExtA(5'a, 5*6) = =/^{ea€Qeb) n S 
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for all a,b E +, — , 1, . . . , A^}. But on the other hand using the intersection theory in the 
proof of Lemma [3. 121 it follows immediately from [Wem08[ 3.3] that 

dimcExt|(S'+, 5+) = 1 

dimcExt^(S'_,S'„) = 1 

dimcExt^(S'i, Si) = at - I 

dimcExt^CS**, S"*) = 1 + I]p=i("p - 2) 

dimcExt^(S'*, S"!) = 1 

for all 1 < i < A^, and further all other Ext^'s between the simples arc zero. By inspection 
of both the above information and the relations S' we notice that 

dimcExtliSa, Sb) = #{eaCQeb)nS' 

for all a, 6 e +,—,!,..., A^}. Hence 

#(eaCQeb) nS = #(e,CQeb) n S' 

for all a,h E + , — , 1, . . . , TV}, proving that the number of elements in <S and S' are the 
same. Hence S' — S and so / = (5'), as required. □ 

Lemma 4.12. With notation from the above proof, the members of S' are linearly indepen- 
dent in I/{IJ + J I). 

Proof. Firstly it is easy to verify that all the members in S' are satisfied by the chosen repre- 
sentatives of the arrows and so belong to /. To see this, note that the first four relations follow 
immediately by inspection (independent of presentation) , as does the Step relation. For the 
moduli presentation the remaining algorithmic relations are simply the pattern between the 
invariants and cycles in Di from Proposition 13. 51 which is the same as the pattern in Type A. 
The symmetric pattern is just a small modification of this, namely the pattern between the 
invariants and cycles in the D2 version of Proposition [3?5l Thus in either presentation S' C /. 
In what follows we say that a word w in the path algebra CQ satisfies condition (A) if 

(i) It does not contain some proper subword which is a cycle. 

(ii) It does not contain some proper subword which is a path from 7k- to 1. 

As stated in the proof of the above theorem, we know from the intersection theory and 
[WemOSl 3.3] that the ideal / is generated by one relation from ★ to 1, whereas all other 
generators are cycles. Consequently if a word w satisfies (A) then w ^ IJ + JI. It is also 
clear that cq+c+i — co-C_i — 4Aoi ^ IJ + JI. 

Now since all members of S' are either cycles at some vertex or paths from * to 1, to 
prove that the members of S' are linearly independent in // (/J + J I) we just need to show 
that 

1. the elements of S' which are paths from * to 1 are linearly independent in e^, (//(/,/ + 
JI))ei. 

2. for all t £ {*,+,—, 1, A^}, the elements of S' that are cycles at t are linearly 
independent in et{I/{IJ + JI))et. 

The first condition is easy, since the only relation in S' from * to 1 is co+c+i — co-C_i = 
4^01, and we have already noted that it does not belong to IJ + JI, thus it is non-zero and so 
linearly independent in ei,{I /{IJ + JI))ei. Note also that there are only three paths of min- 
imal grade from ★ to 1, namely {cq+c+i, co-c_i, Aqi}, and by inspection of the polynomials 
they represent we do not have any other relation from * to 1 of this grade. 

For the second condition, we must check t case by case: 
Case t = +. Here the only relation in S' from -I- to -I- is a+oCo+ = c+io-i+ (the Step relation) 
so it is linearly independent provided it is non-zero, i.e. a+oCo+ — c+iai+ ^ IJ+JI. But since 
a+oCo+ satisfies condition (A) we know that a+oCo+ ^ I J + JI. Thus if a+oCo+ — 2+101+ G 
IJ + JI we may write 

a+nCo+ = c+iai+ + u 
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in the free algebra CQ for some u <E IJ + JI. But the term a_|_oCo+ does not appear m the 
right hand side, a contradiction. 

Case t ~ The only relation in S' from — to — is a_oCo- = c^iai^ (the third relation). A 
symmetrical argument to the above shows that it is linearly independent. 
Case t = I. If ai = 3 then the only members of S' from 1 to 1 are 012021 = ai+c+i (the Step 
1 relation) and ai+c+i = ai_c_i (the fourth relation). Suppose that 

Ai(ci2a2i ~ ai+c+i) + A2(ai+c+i - ai_c_i) = 

in ei(//(/J + JI))ei. Then we may write 

AiCi2a2i + A2ai+c+i = Aiai+c+i + A2ai_c_i + u 

in the free algebra CQ for some u E IJ + JI. But €12021 satisfies (A) so doesn't appear 
anywhere in the right hand side, forcing Ai = 0. But now since Ai = and further oi+c+i 
satisfies (A), it cannot appear on the right hand side, forcing A2 = 0. This proves the assertion 
when ai = 3 and hence we may assume that ai > 3, in which case the only relations in S' 
from 1 to 1 are 

fli-c-i = ai+c+i 

fc2-4oi = ai+c+i 

fctCoi = h+iAai V 2 < t < Ml 

fcuiCoi = Ci2a21. 

(i.e. the fourth relation and some of the Step 1 relations). Now suppose that 

ui — 1 

Ai(ai_c_i - ai+c+i) + A2(ai+c+i - fc2^oi) + X! '^p+i - kpCoi) 

p=2 

+ Aai_l(ci2a21 - fcuiCoi) = 

in ei(//(/J + J/))ei then 

Ui—l 

Aiai_c_i + A2ai+c+i + ^ Ap+ifep+iAgi + AQi_iCi2a2i 

p=2 

ui—l 

= Aiai+c+i + A2fc2Aoi + ^ Ap+ifcpCoi + Xai-ikmCai + u 

p=2 

in the free algebra CQ for some u € IJ + JI. Now ai_c_i satisfies (A) and so cannot appear 
on the right hand side; consequently Ai = 0. This combined with the fact that ai+c+i 
satisifes (A) implies that A2 = 0. Similarly 012021 satisifcs (A) and so can't appear on the 
right hand side, so Xai-i = 0. This leaves 

ui—l ui—1 

(2) ^ Ap+ifcp+1^01 = ^ Ap+i/cpCoi +u 

p=2 p=2 

in the free algebra CQ and so 

Xuiku-^Aoi = terms starting with k of strictly smaller index 

mod I J + JI. But since fc„j Aqi does not have any subwords which are cylces, the only way 
we can change it mod I J + J I is to bracket as ku^ (^01) a-nd use the relation in / from * to 
1. Doing this we get ku^Aoi = ifc^j (cq+c+i — co-c_i). This still docs not start with a fc of 
strictly lower index, so we must again use relations in IJ + JI to change the terms. But again 
the words contain no subwords which arc cycles, which means we must cither change cq+c+i 
or co_c_i. But there is only one relation between cg+c+i, Co_c_iand Aqi so no matter what 
we do we arrive back as 

kuiAoi = ifc„i(co+c+i - co-c_i) = ku^Aoi 
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mod IJ + JI. Thus mod IJ + J I it is impossible to transform ku-^Aoi into an expression 
involving k terms with strictly lower index, and so we must have A„j = 0. With this in mind 
we may re-arrange ([2]) to get 

Xui-ikui-iAoi = terms starting with k of strictly smaller index 

mod IJ + J I and so repeating the above argument gives Xm-i ~ 0. Continuing in this 
fashion we deduce all A's arc zero, as required. 

Case t for 1 < t < N . If at = 2 then the only relation in S' from t to t is au-iCt-u = 
Ctt+iOLt+it (the Step t relation). This is linearly independent in et{I / {IJ + JI))et using the 
same argument as in the case t = +. Hence we may assume at > 2 in which case the only 
relations in S' from t to t are 

kvtAot = att-iCt-it 

kpC'ot = kp+iA-ot y vt < p < E 

ksCot = ctt+iat+it 

(i.e. some of the Step t relations) where E :~ I -, !^ ^ and also we mean 

^ I — 1 II t = A* 

cnn+1 ~ cjvo and aN^iN ~ aoN if at any place the subscripts become too large. Now if 
Xi{ku^Aot — att-iCt-it)+ Xp+2{kp+vtCoi — kp+v^+iAQt) + Xat-i{kECot—Ctt+iat+it) = 

p=0 

in et{I/{IJ + JI))et then 

E-vt-l 

Xltttt-lCt-lt + Ap-|-2fcp+u, + 1^0t + Xat-lCtt+llt+lt = 

p=0 

E-vt-1 

Aifciif^ot + ^ Xp+2kp+vtCQi + Aaj-ifc^Cot + u 

p=0 

in the free algebra CQ for some u G / J+ JI. But now all terms on the left hand side satisfy 
(A) and so none of them can appear on the right hand side, forcing Ai = . . . = Xa^-l = as 
required. 

Case t = -k. The only relations left in S' are those from ★ to which is the second relation 
together with the remaining relations from the algorithm. These are precisely 



If ai > 3 



If a, > 2 



C'oikt = Aoikt+i V 2 < t < ui 



Aoiky. = Cob,:, kvi 
Coih = Aoih+i V Vi < t < Ui 



If a^v > 2 



If ajy = 2 aoNCNo = Cobv^, kv^ 

aoNh+i = CoNkt VN < t < UN 

Hence if ai = 3, 0:2 = • • • = ctw = 2 then there are no extra arrows k and so the only relations 
at ★ are co+a+o = co-a_o and uonCno = Co+a+o- These are linearly independent by using 
the same argument as in the case t = 1 with ai = 3. Thus we may assume that some extra 
k arrows exist, in which case the proof is similar to the case t = 1 with ai > 3. □ 

The input to define the reconstruction algebra is a certain labelled Dynkin diagram of 
type D, where the two 'horns' are both (—2) curves. These are geometrically indistinguishable 
in the sense that their positions in the dual graph can be swapped and the input for the 
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reconstruction algebra docs not change. Thus the reconstruction algebra should be invariant 
under this change of labels, which leads us to the following. 

Lemma 4.13. For A G C* denote D'^ ^{X) to be the algebra obtained from the symmetric 
presentation D!^ ^ by replacing the number 4 in the first relation by X. Similarly define 
Dn,q{X). Then for all X & C* 

= = Dn.q = i?n,g(A). 

In particular the algebra obtained from D'^ ^ by everywhere swapping + and — is isomorphic 
to D'^^^. 

Proof. We prove that D'^^{X) = D'^ ^\ the proof that Z?„^^(A) = q is identical. All we 
must do is change the choices of the labels of the arrows made for D'^ ^ in the proof of 
Theorem 14.111 such that the relation (1'.) cq+c+i — Co_c_i = AAqi together with all the 
other original relations (except relation 1) hold. Since the only changes we shall make to the 
choices of arrows in the proof of Theorem 14.111 is by multiplying them by a non-zero scalar 
(for an arrow p, denote by Kp this non-zero scalar), the argument of Theorem 14 . 1 1 1 again goes 
through to show that D'^ ^(A) = Endj^(r„.g) and so in particular D'^ ^(A) = D'^ ^. 

Choose tcQ^ = '^a+o ^ ^co- ~ ^a-o = ^c^i — ^ai^ — I^C-i ~ l^ai- ~ 1; '^oojv ~ 'Z ^^'^ 

KaNN-i = . ■ . = '^021 ~ 1- Then certainly relations 1', 2, 3 and 4 hold, as does the Step 
relation. What remains is to choose Kci2> • ■ • ^ i^cn-in t '^cno (and the Hk for the k arrows if 
they exist) and to verify the remaining relations. 

Consider the 6-series of ^. If 62 > 1 then choosing Kci2 = ■ ■ ■ — ^ct^-ib^ = 1 it is clear 
that the step 1 to the step 62 — 1 relations hold. Thus in all cases we can consider the 62 
relations, knowing the previous step relations hold. 

Now if af,2 = 2 then b2 = N and there are no k arrows, so by choosing Kcno ~ X i^ i^ 
clear that the Step N relations hold so we are done. Hence we can assume that ai,^ > 2. in 
which case choosing k^.^ = j, ■ ■ ■ , = (y)"''^ ""'^i ^Cb2!,2+i ~ step 62 relations 

hold. 

Thus inductively we consider the Step t relations with Hci2i ■ ■ ■ i '^ct^u and ^2, . . . , kvt 
already chosen such that all relations up to and including Step t — 1 are satisfied. If a^a+i ^ 2 
choose Kcj^jj = Kct-it then the Step t relations hold. Else choose Ky^ = '^ct_it(-x), • ■ • ,Hut ~ 
«ct_it(|)^"*'"'^+\Kc„+i = Kct_it(x)^"*~"*''^^ tl^™ ^^'^P t relations hold. This concludes 
the induction step, hence the result follows. 

The final statement is now immediate since by inspection of the symmetric presentation 
the algebra obtained by everywhere swapping -f- and — is just ,j(— 4). □ 



5. The moduli space of representations 

In this section we use quiver GIT on the reconstruction algebra Dn_q to obtain the 
minimal resolution of C^/D„.q and so obtain the slightly stronger statement that the special 
representations not only give the dual graph, but also the whole space. 

As in type A, fix for the rest of this paper the moduli presentation of the reconstruction 
algebra, the dimension vector a = (l,l,...,l) and the generic stability condition 6 = {~{N + 
2), 1, ... , 1). Notice that a representation M of dimension vector a is 6'-stable if and only if 
it is generated from vertex i.e. for every vertex in the representation M there is a non- 
zero path in M from * to that vertex. Again, as in type A, there is a huge subtlety here 
since choosing a different stability condition can give us something singular (in fact, not even 
normal) . 

Throughout this section we use the moduli presentation convention that Coi = co+c+i 
whereas Cot = C01C12 . . . ct-it for any 2 < t < N . For D„.g with Zf reduced, we claim (and 
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prove in Lemma [5T2|) that the moduh space is covered by the foUowing iV + 3 open sets: 
Uo Cojv 0, co_ 7^ (ai_, cato, aoAr) 



Ut 

l<t<N-l 



CoN-t 7^ 0, Co- 7^ 0, AoTV-t+i 7^ (ai_, CAr_tAr_t+iaAr-t+iAr_t) 



J/at co+ 7^ 0, Co- 7^ 0, Aqi 7^ (ai_,ai+,c+i) 

J7+ co+ 7^ 0,^01 7^ 0,ai_ 7^ (co-,ai+,a-o) 
[/_ Co- 7^ 0, Aoi 7^ 0, ai+ 7^ (co+,ai-,a+o) 

where in the above we have stated for reference the result of Lemma 15.31 which gives the 
position of where (if we change basis so that the specified non-zero arrows are actuahy the 
identity) the co-ordinates can be read off the quiver. In fact in Lemma 15.31 we prove a Httle 
more; we show, also reading off the quiver, that these open sets are given abstractly by the 
following smooth hypersurfaces in C'^: 

(o<t<w-i) Ut a(I - 46^£i '7f 'cE£i «f ') = h^t c<^t 
Um a{c - 4) = fee 

U+ h[a^c + 4) ac 

U- b{a^c -A) = ac 

where the rj and 9 are specified combinatorics introduced in the proof of Lemma 15.31 Also 
by taking an arbitrary stable module M and simply changing basis appropriately the above 
open cover translates into ratios of polynomials as: 

jjr. (pr (^y)''-M+)^ ,'_|_^|2+2Ajv+i+r„+i(-_^|rjv+i xy i 

'-'0 ^[ (-) :\^) \ ) I (^)2+2Ajv + rjv (_-)rjv J 



l<t<JV-l 



u, c[i^H)rim,(.m,id^] 
u- c[(,^;i±ip^,(2a±),(,^^ 

where = x"^ + y'^ and (— ) = x'^ — y'^. 

Note that there is a choice of coordinates in l/jy since for the third coordinate c we could 
instead choose d = = , \„ since they differ by 4. Picking this alternative co-ordinate 

Aoi {xy)i J J t> 

changes the defining equation to ad = b{4 — d). Although trivial, it makes the gluing of the 
afhne pieces slightly easier: we shall see in Theorem 15.51 that the gluing data between the 
open pieces is precisely 

Ut 9 (a,6,c) ^ (a,c-i,c""-'6) G Ut+i 

ior < t < N — 2, whereas for t = iV — I the gluing data is 

C/jv-i 3 (a,fe, c) ^ {ca,c°'^~^b,c~^) £ Un- 

The choice of coordinate in Un gives the final two glues 

Un 3 ia,b,d) ^ {a''^,b,a?d) e U+ 
Un 9 (a, b, c) ^ a, b^c) £ t/- 

and note that these two do not change from example to example. 

We now proceed to prove these statements. To prove that the open sets mentioned above 
do indeed form an open cover of the moduli space it is convenient to denote Coi = co-C-i, 
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C01C12 . . -Ct-it for all 2 < t < A^, and further also to define the following 
Vo : Con + 0, co+ ^ 

Vt 

: CnN-t ^ 0, co+ ^ 0, AoN-t+i 7^ 

l<t<N-l 

Lemma 5.1. For every < k < N — 1, the open set 14 is contained inside the union of Uk 
and Un- 

Proof. Suppose M belongs to Vk, then necessarily 

^ co-c-i = co+c+i - 4Aoi. 
If c+i = then Aoi ^ and so M is in Un- If c+i ^ then M is in Uk- □ 

Lemma 5.2. The open sets Uq, . - . ,Un, U+, U- completely cover the moduli space. 

Proof- Suppose M is a stable module; we must show that M belongs to one of the open sets 
in the statement. Note first that if co+ = cq- = then the relation cq+c+i — co-c_i — 4Aoi 
forces Aqi = 0, which is impossible since M must be generated as a module from vertex 
Hence we can assume that either co+ 7^ or cq- ^ 0. 

Case 1: both cq+ ^ and cg- ^ 0. Now if a^N = then the only way a nonzero path can 
reach vertex N is if either c+iCiat 7^ or c^\C\n 7^ 0. In the first case M belongs to C/q, 
whereas in the second case M belongs to Vb thus by Lemma [5.11 either Uq or Un- Hence we 
may assume oqn 7^ 0. Now if onn-i = then by a similar argument M is either in [/i or 
Vi, hence by Lemma l5 . 1 1 cither Ui or Un- Thus we can assume that also onn-i 7^ and so 
Aqn-1 7^ 0. Continuing in this manner either M is in Un-i or we can assume that Aqi ^ 0, 
in which case M is in Un- 

Case 2: co+ ^ but cq- = 0. Then certainly ai_ 7^ since we have to reach vertex — with a 
non-zero path. Now if Aqi = then by the non-monomial relation it follows that cq+c+i = 
and so we cannot reach vertex 1 by a non-zero path. This cannot happen, hence Aqi ^ 
and so we are in J7+. 

Case 3: cq- 7^ but co+ = 0. In this case we are in U- by the symmetric argument to Case 
2. □ 



to denote Cot — 
open sets: 



Lemma 5.3. Each open set Uq, . . . , Un, U+, U- is just a smooth hypersurface in C"^. More 
precisely the equation of these open sets as a hypersurface in with co-ordinates a,b,c are 
given as follows: 

a{c - 4) 6c 
b{a'^c -I- 4) = ac 
6(a^c — 4) = ac 

Proof, (i) In Uq change basis so that all the specified non-zero arrows equal the identity. 
By Remark 14.61 the calculation of |Wem07[ 4.2] shows every arrow (except for the moment 
Co- = 1, a_o, c_i, fli-) is determined by a monomial in cjvo and Uqn, and the algorithmic 
relations play no further role. Define 

rjQ = the power of coat in ai+ 6^ = the power of ono in ai+ 
(1 < i < N) riQ ^^ ~ the power of coat in a^+ii ^q'' = the power of ono in 



(0<i<iv-i) Ut a(l - 
Un 
U+ 
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where by a^q+iN we mean aojv- From this it is clear that Aqi = Cq^^^ ° clj^q^^ ° ■ Now we 
are left with the variables catqi clqn, a-o, ai- and c_i subject to the fom' relations 



a+o 


= a-o 


fl-o 


= c_iai_ 


ai+ 


= ai-c-i 


C-l 


= 4yloi 



1 

and so really there are only three variables cnq, gon and ai_ subject to the one relation 

ai_(l - AAqi) = a+Q. 

Hence it suffices to show how to put a+o and ^oi in terms of cnq and clon. But by the above 
this becomes 

(ii) The proof of the case Ut for f<t<Af — fis identical to the above - after setting the 
specified non-zero elements to be the identity we are down to the three variables CN~tN-t+i, 
aN-t+iN-t and ai_ with only one relation 

ai_(f - 4yloi) = a+o 

so again it suffices to show how to put a+o and Aqi in terms of CN-tN-t+i and ajv-t+ijv-t- 
Define 

vif = the power of cqat in ai+ 9'^ = the power of ajvo in ai+ 
(f < i < N) r/f^^ = the power of cqn in Oi+i,; = the power of unq in Ui+u 

then it is clear that the equation is simply 

fll-U ^'^N-tN-t+l'^N-t+lN-t) ~ '^N-tN-t+l'^N-t+lN-f 

(iii) For Un set the specified non-zero arrows to be 1 then by Remark l4.6l and the calculation 
[Wem07| 4.2] every arrow (except for the moment cq- = 1, a_o, c_i, ai_) is determined by 
a monomial in c+i and ai+, and the algorthmic relations play no further role. Thus we are 
down to c+i, ai+, a_Oi «!- and c_i subject to the four relations 

a+o = a-o 
a_o = c_iai_ 
ai+c+i = ai_c_i 
c+i-c_i = 4. 

But these reduce to the three variables ai_, ai+ and c+i subject to the relation 

ai+c+i = ai_(c+i - 4). 

Note that since c+i — c_i = 4 we actually have a choice of coordinate between c+i and c_i; 
making the other choice changes the equation in the obvious way. 

(iv) For U+: after setting the specified non-zero arrows to be 1, by Remark 14.61 and the 
calculation |Wem07[ 4.2] every arrow (except for the moment co_, a_o, c_i, ai_ = 1) is 
determined by a monomial in c+i and ai+ and the algorithmic relations play no further role. 
Thus we are down to c+i, ai+, co-, a_o and c_i subject to the four relations 



a+o 


= co-a_o 


a-oco- 




ai+c+i 


= C_i 


CO-C-l 


= 4 



But now these reduce to the three variables cq-, ai+ and a_o subject to the relation 

a_oCo- = ai+(4 + a_oCo^) 
(v) [/_ follows from ?7+ by a symmetrical argument. □ 
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Remark 5.4. The above proof also justifies the position of the coordinates of the open sets 
as stated in the beginning of this section. LabeUing the arrows in the reconstruction algebra 
with their corresponding polynomials, for any open set if we simply change bases to set the 
specified non-zero arrows to be 1 we also obtain easily the ratios of polynomials as stated 
previously. 

Theorem 5.5. Consider D„.g with v = 0. With the given dimension vector and stability as 
above, the moduli of representations of the corresponding reconstruction algebra is precisely 
the minimal resolution of /'Dn,q- 

Proof. The open cover is smooth and irreducible, thus we can restrict our attention to the 
exceptional locus. 

Firstly, its easy to see that the only gluing data needed are the glues mentioned in the 
introduction to this section - for example if a stable module M belongs to Uq with coordinates 
(obtained after setting the specified non-zero arrows to be the identity) just (ai_, catq, aow) 
then clearly for it to belong to Ui requires oqm 0. Now by just looking at the conditions of 
the non-zero arrows determining the other open sets, its clear that if Uq glues to any other of 
the open sets it necessarily also has to satisfy cqtv 0, thus necessarily this glue is through 
Ui . Continuing in this fashion we see that the -I- 2 stated glues are all that are necessary. 

Now it is also easy to see that the open pieces glue (in coordinates) in precisely the way 
mentioned in the introduction to this section - this follows directly from Type A and in fact 
we can see this from the proof of the last lemma: to see why, for < t < — 2 

Ut 9 (a,6,c) ^ (a,c-i,c""-'6) G Ut+i 

is true, notice that given (a, 6, c) e Ut then by the proof of the above lemma the scalar in the 
position of ajv-t7v-t-i is 6c"*~^, so changing basis at vertex N ~ thy dividing every arrow 
into vertex t by c whilst multiplying every arrow out by c yields the result. The remaining 
three glues are also done by inspection. 

Thus by inspecting our open cover and gluing data we see precisely the dual graph 
of the minimal resolution. To check that the self-intersection numbers are correct, we use 
adjunction: for example for the curve C in the glue between U n (co-ordinates a, 6, c subject 
to / = (a(c — 4) — be)) and [/_ (co-ordinates a, b, c subject to f = (b(a^c — 4) — ac)) given by 

Un 9 (a, b, c) ^ (6~\ a, 6^c) = (a, b, c) G ?7_ 

we have 

daAdc daAdc d{b^^) A d{b'^c) db A dc db A dc 
df/dh ^ a^c -4 ~ c-4 ^ c-4 ~ df/da 
and so -(7 = 0, thus by adjunction = —2. Continuing in this fashion we see that none 
of the exceptional curves are (-l)-curves, thus our resolution is minimal. □ 

6. Examples 

We begin with the easiest family of examples for which Zf is reduced. 

Example 6.1. Consider the group D2s-t-i,s with s > 2. We have 

2s -f- 1 s-1 

— — =3 = 3- 

s s 

and so the dual graph of the minimal resolution is 



Now 



2s + 1 2s + 2 



n — q 



1 



1 
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and so the invariants arc generated as a ring by 

since r2 = 2n — 3q = s + 2, = n ^ 2q ^ 1 and 03 — 1 = s. Denoting (+) = + ?/* and 
(— ) = — then we could replace x^" + y^" by either (+)^ or (— )^ and still get a generating 
set. Further the reconstruction algebra labelled by polynomials is 




and so the moduli and symmetric presentations are the same, namely 




co+c+i - co-c_i = 4Ao 

CQ+a+O — Co-Q-O 

a_oco- = c_iai_ 
ai+c+i = ai-c^i 
a+oco+ — c+iai+ 

Ol + C+l = Ci2a21 

a2ici2 — £23032 



ajVJV-lCiV-lJV — CNoaoN 

aoNCNO — co+a+o 



In coordinates, by Section 5 we can view the minimal resolution explicitly as follows: 



Uo ■ 



Ut 

l<t<3- 



U+ ^ 



(7_ = C[ 



C-) ' 


(xy)* 


(xh)» + 1( + ) ( 






iVl 


(-) ( 




(xy)s + l( + ) ' 


(+) 


( + ) ( 




(x»)s+l(-) ' 


(-) 



( + )2+( = -l)(^) = -lJ 



(xy)^i^" , 

( + )2 + (s-(t + l))(_)»-{t + l) J 



a(l - 46= 



a(l - 4&=" 



') = be 



= be 



a(c — 4) = 6c 
6(a^c + 4) = ac 
b{a^c — 4) — ac 



/ -,2 

where there is a choice of coordinates va. Um since we could alternatively take j^^^y as the 
third coordinate. With respect the above ordering, for < i < iV — 2 the gluing data is 

Ut 3 (a,6, c) «-> (a, c"\c^fe) £ C/f+i 

and 

Ujy-i 3 (a, 6, c) <-> {ca,c^b,c^^) E UN- 
It is the choice of coordinate in Un which helps with final gluing: 

Un = C [^S^rllm ^ imrlLi^ ^l^^^ ^a,b,d) ^ ia-\b,a'd) eU+ 
Ua 



(-) ' (+) ' {xvr 



^ C[i^^^)i±i, ^] 3 (a, 6, c) - ib-\a, b'c) G 

Example 6.2. Consider the group D56.15 of order 2460. 

56 



15 



[4,4,4] 
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and so the dual graph of the minimal resolution is 



Now for the invariants 



56 



56-15 



[2,2,3,2,3,2,2] 



from which we calculate 





2 


3 


4 


5 


6 


7 


8 


9 


r 


67 


26 


11 


7 


3 


2 


1 





c 


1 





1 


3 


5 


12 


19 


26 


d 





1 


1 


2 


3 


7 


11 


15 



Hence the invariants are 

f \82 / ^67 / n26 f \11 / \7 3 2 / ^3 5 3 / \2 12 7 , X 19 11 26 15 

(xy) , (xyj W2, (xy) W3, (xy) W2W3, (xyj w^w^, (xy) w^w^, (xy) w^, (xyjw^ , 

where W2 = {x^^ + y^^)'^ and = {x^^ + y^^){x^^ — y^^)- Further in this example the 
reconstruction algebra labelled by polynomials for the moduli presentation is 




(+) -- 




{-) -- 




f+ -- 


-- i^vf^\+) 


f- - 






-- (^!/)"( + ){-) 


fe3 - 




k4 - 


- i.^yf(.+f(-f 


ka 




fee 




C30 = 


- (+)^«{-)" 



which by Theorem 14. Ill can be written as a quiver subject to the 19 relations 




"l+g+l = 



11- 



-1 



[Il4.c^l — fc2^01 
*:2Coi = 
a2ici2 ~ ^3^02 
fe3C'02 ~ kiAf,2 

fc4<^02 - 
a32C23 = '=5'»03 
^5^03 — fce^03 
^eC'oS — ^^30*^03 



c+l"l+ 

^01^2 = CQ+a^o 
C12a21 

^02^3 — Co\k2 
AQ2ki = Co2fe3 
^23^*32 

«03^'5 — C^02^'4 

1103 fee ~ Co3'=5 

*103'=30 — (^03^6 



Now we may view invariants at each vertex as follows: the invariant {xy) is viewed at the 
vertex + as j^{c+iai- — a+oCo-)(a-oco+ — c-iai+) whereas at the vertex — it is viewed as 
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j^(a_oCo+ — c_iai^)(c_|_iai_ — a+gCo-)- At all other vertices [xyf''^ can be seen as 




• • • • 



followed by ^(ai-a-o ^ oi+a+o)- The remainder of the invariants are viewed as follows: 

(xyf( + f or (xyf(~?: 
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ixy)\+r{-y or {ccyfi+n-f: 




where the different shades of red signify the choice between the two invariants. Now by 
Section 5 the minimal commutative resolution is covered by the following 6 open sets 

U.- a(c-4).6c 
U+= C[(j^,(2^,(x2/)67(+)2] bia'c + A) = ac 

To see why the abstract equation for Uq is as stated, denoting a = ai_, b = cjvo and c = Ooat 
the quiver picture for Uq looks like 




thus ~ 7, X]i=i ^0*^ = 4, 6'(]" = 26 and J2i=i ^o^ — 15. The other open sets are computed 
in a similar fashion. Note again there is a choice of coordinate in U3 = Un above since we 
can pick , iis, as the third coordinate (doing this changes the abstract equation to a, b, d 
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subject to ad ~ 6(4 — d)). With respect to the above ordering, the gluing of these open sets 
is: 

Uo 3 (a, 6, c) ^ (a, c'^ , c^fo) £ Ui 
Ui3{a,b,c) ^ {a,c-\c%)eU2 
U2 3 (a, b, c) (ca, c^6, c"^) e U3 

and the choice of coordinate in Un gives: 
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